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ABSTRACT
We consider D-dimensional Einstein gravity coupled to two U(1) fields and a dilaton
with a scalar potential. We derive the condition that the analytical AdS black holes with
two independent charges can be constructed. Turning off the cosmological constant, the
extremal Reissner-Nordstrøm black hole emerges as the harmonic superposition of the two
U(1) building blocks. With the non-vanishing cosmological constant, our extremal solutions
contain the near-horizon geometry of AdS2 × RD−2 with or without a hyperscaling. We
also obtain the magnetic AdSD−2 × Y2 vacua where Y2 can be R2, S2 or hyperbolic 2-
space. These vacua arise as the fix points of some super potentials and recover the known
supersymmetric vacua when the theory can be embedded in gauged supergravities. The
AdSD−2 × R2 vacua are of particular interest since they are dual to some quantum field
theories at the lowest Landau level. By studying the embedding of some of these solutions in
the string and M-theory, we find that the M2/M5-system with the equal M2 and M5 charges
can intersect with another such M2/M5 on to a dyonic black hole. Analogous intersection
rule applies also to the D1/D5-system. The intersections are non-supersymmetric but in
the manner of harmonic superpositions.
Emails: mrhonglu@gmail.com
1 Introduction
Analytic solutions of electrically-charged black holes that are asymptotic to anti-de Sitter
(AdS) space-times are useful gravitational backgrounds to study some strongly coupled
dual field theories on the AdS boundaries. The most celebrated examples are the Reissner-
Nordstrøm (RN) AdS black holes of the cosmological Einstein-Maxwell theories in general
dimensions. However, only in four and five dimensions, Einstein-Maxwell gravities can be
embedded in supergravities and hence in the string or M-theory. The phenomenological
AdS/CFT correspondence of Einstein-Maxwell gravities in higher than five dimensions is
based on holographic principles that are beyond any known consistent fundamental theory.
Charged dilatonic AdS black holes are much more difficult to construct. Most of the
known examples are those of supergravities. The examples include the U(1)3-charged and
U(1)4-charged AdS black holes of gauged supergravities in five [1] and four [2] dimensions,
and also charged solutions in seven [3] and six [4] dimensions. (See also [5, 6]. Many exam-
ples of charged rotating AdS black holes in gauged supergravities have been constructed,
including the general rotating charged black holes in five-dimensional minimal gauged su-
pergravity [7] and U(1)3 gauged supergravity [8]. Other notable examples include charged
rotating black holes in N = 4, D = 4 SO(4) [9], N = 1, D = 7 [10], and N = (1, 1),
D = 6 [11] gauged supergravities.) In four and five dimensions, when all the charges are set
to equal, the solutions become the RN-AdS black holes. In ungauged supergravities, the
extremal RN black holes can be viewed as bound states of the basic U(1) building blocks
with zero binding energy [12]. They can be lifted and become harmonic superpositions of
intersecting M-branes or Dp-branes. (See, e.g., [13].)
The goal of this paper is to generalize the above supergravity phenomenon and find theo-
ries with these properties in general dimensions. In constructing solutions in supergravities,
higher-order fermionic terms play absolute no role. The useful property is the existence of
consistent Killing-spinor equations. By consistent, we mean that the integrability conditions
under some specific Γ-matrix projections are automatically satisfied by the full set of bosonic
equations of motion. This property exists for all on-shell supergravities. It was shown in
[14, 15, 16, 17] that such consistent Killing-spinor equations can exist also for some bosonic
theories that cannot be supersymmetrized, nor embeddable in any supergravity. There are
then pseudo-supergravity extensions of these theories whose full actions are invariant under
the pseudo-supersymmetric transformation rules up to and including the quadratic order in
fermions, but not higher orders. (See, for examples, [18, 19].) It was shown in [19] that the
Kaluza-Klein theory in any dimensions can be pseudo-supersymmetrized. The gauging of
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the Kaluza-Klein vector induces a scalar potential with the AdS fixed point. The charged
Kaluza-Klein AdS black hole in any dimensions can be obtained [17], which is the special
case of the two-charge AdS black holes [20]. These are the only known examples of charged
dilatonic AdS black holes in general dimensions. Furthermore, the general charged rotating
AdS black holes for this theory was also obtained [21]. In these pseudo-supergravities, which
exist in general dimensions, the construction of the extremal p-branes is identical to that of
the BPS p-branes in supergravities. The p-branes can intersect in the manner of harmonic
superpositions just as in usual supergravities.
The simplest theory in which the RN black hole may emerge as a bound state involves
two basic ingredients. Thus our theory consists of the metric, a dilaton φ and two Maxwell
fields (A1, A2), with the Lagrangian
e−1LD = R− 12 (∂φ)2 − 14ea1φF 21 − 14ea2φF 22 − V (φ) , (1)
where e =
√−g and Fi = dAi and (a1, a2) are dilaton coupling constants. It is clear that
if the scalar potential has a fixed point and a1a2 < 0, the dilaton can be decoupled and
the theory reduces to the Einstein-Maxwell theory with a cosmological constant. Static
solutions involving one vector field and some scalar potentials with unusual asymptotics
were obtained in [22]. For our purpose a black hole is defined to have both the horizon and
a maximally-symmetric asymptotic space-time.
In section 2, we study the theory with no scalar potential. It was shown in [23] that
one can always construct a p-brane when only a single field strength is turned on. The
construction involving multiple field strengths is much subtler and requires some specific
choice of dilaton couplings. We find that if the constants (a1, a2) satisfy
a1a2 = −2(D − 3)
D − 2 , (2)
analytical black holes with two independent charges can be obtained. (See the book [24] on
the construction of such solutions.) Furthermore, extremal RN black holes emerge in our
theories as bound states indeed of the two basic extremal black holes associated with Ai,
with zero binding energy. The general solutions contain the supersymmetric examples in
four and five dimensions.
In section 3, we consider adding a scalar potential, while keeping the condition (2). We
derive the scalar potential such that analytical charged AdS black holes can be obtained.
The scalar turns out to be always massless (in the AdS sense) and the scalar potential can
be expressed in terms of a super potential. The charged AdS black holes have the similar
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structure as those in gauged supergravities. Depending on the charge configurations, taking
the extremal limit gives rise to the AdS2 ×RD−2 near-horizon geometry with or without a
hyperscaling.
In section 4, we consider the special case with a1 = −a2 in four dimensions. The two-
charge solutions can be easily mapped to the dyonic black hole and the two electric charges of
different field strengths become the electric and magnetic charges of the same field strength.
We find that the solution can be embedded in the string and M-theory. Lifting the solutions
back to higher dimensions, we find that they describe intersections of an M2/M5-brane of
equal M2 and M5 charges with another such M2/M5 system. The intersection is in the
manner of harmonic superpositions, but non-supersymmetric. The same story applies to
the D1/D5-system. This provides a new embedding of the four-dimensional RN black hole
in the string and M-theory.
In section 5, we consider the AdSD−2 × Y2 vacua that carry magnetic 2-form fluxes.
These solutions can arise as the near-horizon geometry of some extremal magnetic (D− 4)-
branes. The two-dimensional internal space Y2 can be R2, S2 or hyperbolic space. We
use the super potential method and show that the vacua may emerge as fixed points of the
super potentials. When the theory can be embedded in gauged supergravities, we recover
the known supersymmetric vacua. The magnetic AdSD−2 × R2 vacua are of particular
interest since they are expected to be dual to some quantum field theories at the lowest
Landau level [25].
We conclude the paper in section 6.
2 Charged asymptotic-flat black holes
In this section, we set the scalar potential V (φ) to zero in the Lagrangian (1), and concen-
trate on charged black holes that are asymptotic flat. If we turn on both Ai independently,
the theory for general (a1, a2) does not admit analytic black holes. We shall determine the
condition on (a1, a2) so that the system will give such analytical solutions. It is advanta-
geous for later purpose that we reparameterize these dilaton coupling constants as
a21 =
4
N1
− 2(D−3)D−2 , a22 = 4N2 −
2(D−3)
D−2 . (3)
The reality condition of each ai requires that
0 < Ni ≤ 2(D−2)D−3 . (4)
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Note that Ni = 1, 2 satisfy the above condition in general dimensions. If both Ni’s are
outside the range, the Lagrangian can still be made real by letting φ → iφ, corresponding
to having a ghost-like dilaton. We shall not consider such situation at all.
In supergravities, the quantities Ni are typically positive integers. A black hole or a
p-brane with such Ni = 1 can be interpreted as the most basic building block. Examples
include the M-branes, all the D-branes, and the Kaluza-Klein black holes. The N = 2
solution may emerge as the bound state of such two N = 1 states. As we shall see later,
the zero binding energy implies that the resulting N is given by N1+N2. In this paper, we
shall relax the condition that Ni can only be integers and generalize the above phenomenon
of p-brane superpositions which is common in supergravities to the theory (1) in general
dimensions.
The spherically-symmetric and static ansatz is given by
ds2 = −e2Adt2 + e2B(dr2 + r2dΩ2D−2) , Ai = eCidt . (5)
The functions (A,B,Ci) and the dilaton φ all depend on the radial coordinate r only. The
equations of motion for the vector fields imply that
(eCi)′ =
λi
rD−2
eA−(D−3)B−aiφ , (6)
where a prime denotes a derivative with respect to r. Using the useful formulae obtained
in [23, 26], one finds that the function X ≡ A+ (D − 3)B can be solved straightforwardly,
given by [26]
eX = 1− kρ2 , (7)
where k is the integration constant and ρ = r3−D. Defining a new coordinate ξ such that
dξ = e−Xdρ, the equations can be reduced to
φ¨ = − 1
2(D−3)2 (λ
2
1a1e
−a1φ + λ22a2e
−a2φ)e2A ,
A¨ = 12(D−2)(D−3) (λ
2
1e
−a1φ + λ22e
−a2φ)e2A , (8)
together with the first-order Hamiltonian constraint
(D − 2)(D − 3)A˙2 + 12(D − 3)2φ˙2 − 12(λ21e−a1φ + λ22e−a2φ)e2A = −2(D − 2)k2 . (9)
Here a dot denotes a derivative with respect to ξ. We now make a field redefinition
φ = −a1q1 − a2q2 , A = − (D−3)(D−2)(q1 + q2) , (10)
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the equations (8) become
q¨1 = λ
2
1e
4
N1
q1+αq2 , q¨2 = λ
2
2e
αq1+
4
N2
q2 . (11)
where
α = a1a2 +
2(D − 3)
D − 2 . (12)
For generic (a1, a2), the general analytical solution of the Toda-like equations (11) are
unknown. Special solutions with λ1λ2 = 0, or a1λ
2
1 + a2λ
2
2 = 0 can be constructed. The
former gives rise to singly-charged solutions. For the latter case, we must have a1a2 < 0 and
the resulting solution becomes that of Einstein-Maxwell theory. In each case, the equations
are reduced to one Liouville equation, which can be completely solved.
A more interesting case is that α = 0, for which, the Toda-like equations (11) are
reduced to become two independent Liouville equations. This situation can arise provided
that (a1, a2) satisfy the condition (2). There is the third possibility
a1 = −a2 = 6(D − 3)
D − 2 . (13)
The resulting equations of motion (11) become those of the SL(3, R) Toda equations. The
binding energy in this case is not zero but negative in the extremal limit. We shall study
this case in another publication [27].
In this paper, we focus on the constraint (2). The resulting two independent Liouville
equations can be completely solved, giving rise to the non-extremal two-charge black hole
ds2 = −(HN11 HN22 )−
(D−3)
D−2 fdt2 + (HN11 H
N2
2 )
1
D−2 (f−1dr2 + r2dΩ2D−2) ,
A1 =
√
N1 c1
s1
H−11 dt , A2 =
√
N2 c2
s2
H−12 dt ,
φ = 12N1a1 logH1 +
1
2N2a2 logH2 , f = 1−
µ
rD−3
,
H1 = 1 +
µs21
rD−3
, H2 = 1 +
µs22
rD−3
. (14)
The constraint (2) implies the following identities
N1a1 +N2a2 = 0 , N1 +N2 =
2(D − 2)
D − 3 . (15)
It follows from the second identity in (15) that both Ni can take integer values only in
four and five dimensions, with N1 +N2 = 3 and 4 respectively. The solutions with positive
integers for Ni are the known black holes in relevant supergravities.
The metric in (14) approaches Minkowskian space-time at the asymptotic large r region.
One can study the large-r falloffs and read off the ADM mass [28] and electric charges, given
by
M =
(D−2)ωD−2
16π µ
(
1 + D−3D−2
(
N1s
2
1 +N2s
2
2
))
, Qi =
(D−3)ωD−2
16π µ
√
Nicisi , (16)
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where ωD−2 is the volume of the unit (D − 2)-sphere. The outer horizon is located at
r0 = µ
1/(D−3), and the temperature and the entropy are given by
T =
D − 3
4πr0c
N1
1 c
N2
2
, S = 14c
N1
1 c
N2
2 r
D−2
0 ωD−2 . (17)
The electric potentials are given by
Φi =
√
Ni tanh δi . (18)
It is straightforward to verify that the first law of thermodynamics holds, namely
dE = TdS +Φ1dQ1 +Φ2dQ2 . (19)
The inner horizon is located at r = 0. There exists an extremal limit in which we send
µ → 0 while keeping the charges Qi non-vanishing. In this limit, the inner and outer
horizons coalesce and the near-horizon geometry becomes AdSD−2×S2. The mass and the
entropy now depend only on the charges, given by
Mext =
√
N1Q1 +
√
N2Q2 , Sext = 4
D−1
D−3 ((D − 3)π)D−2D−3
(
Q1√
N1
) 1
2
N1 ( Q2√
N2
) 1
2
N2
. (20)
In the extremal limit, the function f becomes 1 and the solution (14) becomes
ds2 = −(HN11 HN22 )−
(D−3)
D−2 dt2 + (HN11 H
N2
2 )
1
D−2dymdym ,
A1 = N1H
−1
1 dt , A2 = N2 c2H
−1
2 dt ,
φ = 12N1a1 logH +
1
2N2a2 logH2 , (21)
The functionsH1 andH2 can now be arbitrary harmonic functions in the (D−1)-dimensional
flat transverse space ym. Thus multi-centered or smeared solutions can be obtained. The
extremal RN black hole emerge now in our theory as some harmonic superpositions of the
two basic building blocks with appropriate relative charges. The linear summation in the
mass formula in (20) implies that there is no binding energy. Note that the dilaton coupling
constant for Einstein-Maxwell theory is 0, corresponding to N = 2(D−2)/(D−3) following
the definition of (3). Thus the second equation in (15) is indicative that the RN black hole
can arise as the harmonic superposition of the two basic ingredients in our theory.
Thus we see that although the Lagrangian (1) can always be consistently truncated to
Einstein-Maxwell theory provided that a1a2 < 0, for the resulting extremal RN black hole
arising as the harmonic superposition of the two more basic ingredients, the dilaton cou-
pling constants must satisfy the more specific condition (2). The property of the harmonic
superpositions of basic ingredients, which is common for supergravity BPS p-branes, is now
generalized to be possible in our non-supersymmetric theory in arbitrary dimensions.
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Finally, let us discuss the product formula of entropies of the outer and inner horizons.
Ignoring the inessential pure numerical constants, the entropies of the outer (r = r0) and
inner (r = 0) horizons are given by
S+ ∼ µ 12 (N1+N2)cN11 cN22 , S− ∼ µ
1
2
(N1+N2)sN11 s
N2
2 . (22)
Thus we have
S+S− ∼ (µc1s1)N1(µc2s2)N2 ∼ QN11 QN22 . (23)
The fact that the entropy product is expressible in terms of the (quantized) charges only
is strongly suggestive of microscopic interpretation of the entropies in terms of some two-
dimensional conformal field theories. The entropies can be further expressed as S± =
√
nL ±√nR, where
nL ∼ µN1+N2(cN11 cN22 + sN11 sN22 )2 , nR ∼ µN1+N2(cN11 cN22 − sN11 sN22 )2 . (24)
The (nL, nR) are the left and right modes of the two-dimensional conformal field theory, with
nL − nR ∼ QN11 QN22 . These properties were observed in supergravities [29, 30, 31, 32]. Our
results show that it may work also with some rather general non-supersymmetric theories.
3 Charged asymptotic-AdS black holes
In the previous section, we found that the Lagrangian (1) admits analytic charged asymp-
totic black holes (14) provided that the dilaton coupling constants satisfy (2). In this
section, we consider adding a scalar potential with a fixed point so that the solution (14)
generalizes to asymptotic AdS black holes. We find that the scalar potential is given by
V (φ) = −g
2N1
4
[
2(D − 3)2(N1 − 1)e−a1φ + 2a21(D − 3)(D − 2)N1e−
1
2
(a1+a2)φ
−a21(D − 2)
(
(D − 3)N1 − (D − 1)
)
e−a2φ
]
. (25)
Note that since (a1, a2) satisfy the constraint (2), there is only one non-trivial free parameter
N1, in addition to the dimension D and the coupling constant g, which should not be
confused with the determinant of the metric. The potential has a fixed point at φ = 0, with
V (0) = −(D − 1)(D − 2)g2 . (26)
Thus the AdS spacetime with radius ℓ = 1/g is the vacuum solution of the theory. Since a
massless spin-s field ψM=0s in the AdS vacuum satisfies [33, 34](
+ [2− (s− 2)(D + s− 4)]g2
)
ψM=0s = 0 , (27)
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we find from the linearized equation of motion of φ that the scalar is massless, with an
asymptotic falloff 1/rD−3. Thus the AdS vacuum of our theory does not have any ghost or
tachyon instability.
We obtain this scalar potential from the inspiration of those in gauged supergravities
and pseudo-supergravities. In these theories, a black hole solution of the type (14) of an
ungauged theory can be promoted to one of the gauged theory, by simply modifying the
function f to include an extra term g2r2HN11 H
N2
2 , while leaving all other fields unchanged.
We find that the scalar potential (25) can do exactly the same for all the general parameters.
In fact we would obtain the same scalar potential even if we start with the singly-charged
black hole and then require that only the function f be modified to become f = 1− µ
rD−3
+
g2r2HN11 due to the scalar potential. It is thus rather intriguing that the scalar potential
obtained from the field strength F1 with the dilaton coupling constant a1 already “knows”
the existence of its superposition partner, namely the field strength F2 with a2.
In special cases, the our scalar potential (25) reproduces the ones in gauged supergrav-
ities for appropriate parameters. For example, the (D,N1) = (7, 2) case gives rise to the
scalar potential of gauged N = 1 seven-dimensional supergravity [35]; the (D,N1) = (6, 2)
case gives rise to the scalar potential of N = (1, 1) six-dimensional gauged supergravity [36];
the cases with N1 = 1, 2 in five dimensions and N1 = 1, 2, 3 in four dimensions can be em-
bedded in maximal gauged supergravities in these dimensions (See e.g. [3]). The theory with
only A1 and N1 = 1 is the bosonic Lagrangian of gauged Kaluza-Klein pseudo-supergravity
[19], for which the general rotating charged AdS black holes were obtained [21].
Since the potential is inspired by gauged supergravities, it is perhaps not surprising that
it can also be expressed in terms of a super potential W , namely
V =
(
dW
dφ
)2
− D − 1
2(D − 2)W
2 , (28)
with
W = 1√
2
N1(D − 3)g
(
e−
1
2
a1φ − a1a2 e−
1
2
a2φ
)
. (29)
General class of domain walls from such a scalar potential was obtained in [37]. It is of
interest to note that the scalar potential of the massive breathing mode from the sphere
reduction of Einstein gravity coupled to an n-form field strength also admits a super po-
tential in the form of (29) but with a1a2 = 2(D − 1)/(D − 2) [38]. If we start with a super
potential of the type (29) without restricting the relation between a1 and a2, the resulting
scalar potential will give rise to a massive scalar with satisfying (−m2)φ = 0, with
m2 = 14
(
(D − 2)a1a2 +D − 1
)2 − 14 (D − 1)2 , (30)
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where we have chosen the parameter g so that the AdS spacetime has the unit radius. Thus
there is no tachyon instability and the Breitenlohner-Freedman bound is saturated when
a1a2 = −(D − 1)/(D − 2). It follows from (27) that the scalar becomes massless if a1 and
a2 satisfy either the relation (2) or
a1a2 = − 4D−2 . (31)
The two possibilities of a1a2 for a massless scalar become the same in D = 5.
We now turn our attention to solutions. We find that the Lagrangian (1) with the scalar
potential (25) and the constraint (2) admits the static black hole
ds2 = −(HN11 HN22 )−
(D−3)
D−2 fdt2 + (HN11 H
N2
2 )
1
D−2 (f−1dr2 + r2dΩ2D−2) ,
A1 =
√
N1 c1s
−1
1 H
−1
1 dt , A2 =
√
N2 c2s
−1
2 H
−1
2 dt ,
φ = 12N1a1 logH1 +
1
2N2a2 logH2 , f = 1−
µ
rD−3
+ g2r2HN11 H
N2
2 ,
H1 = 1 +
µs21
rD−3
, H2 = 1 +
µs22
rD−3
. (32)
For appropriate parameters and dimensions, this reproduces some special cases of the
charged black holes in gauged supergravities in five [1] and four dimensions [2]. The solution
with N1 = 1 in general dimensions was obtained in [39]. The solution with only A1 and
N1 = 2 is the special case of the two-charge solutions in [20] with two charges set equal.
The general solution (32) reduces to the RN-AdS black hole when δ1 = δ2. Note that the
solution for the scalar is independent of g. This is a consequence that the scalar is massless
and hence its falloff 1/rD−3 is dependent of g.
The asymptotic region of (32) at r =∞ is the AdS boundary in global coordinates. The
mass and charges are still given by (16) and they are independent of the charge parameters.
We followed the procedure of [40] to calculate the mass, which was based on the definition of
conformal mass [41, 42]. The outer horizon is located at the largest real root r0 of f(r) = 0.
The temperature, entropy and electric potentials are then given by
T =
f ′(r0)
4πH1(r0)N1/2H2(r0)N2/2
, S = 14r
D−2
0 H1(r0)
N1/2H2(r0)
N2/2ΩD−2 ,
Φi =
√
Ni
ci
si
(
1− 1
Hi(r0)
)
. (33)
It is straightforward to verify that the first law of thermodynamics (19) continue to hold.
It is worth commenting that the r = 0 surface is no longer one of the inner horizons, since
gtt at r = 0 becomes non-vanishing. It follows that the “extremal limit” discussed above (20)
now gives rise to a solution with naked singularity. In gauged supergravities, such solutions
are supersymmetric and are called “superstars.” The supersymmetric of such solution
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was first analysed in [43] in the context of Einstein-Maxwell theory with a cosmological
constant. (The generalization to the rotating case was given in [44].) The resolution of
the singularity in supergravities while maintaining some supersymmetry is either through
the bubbling AdS procedure [45] and turning the superstars to smooth solitons [45, 46]
or by adding rotation and constructing supersymmetric rotating black holes [47]. (In four
dimensions, the BPS magnetic (D−4)-branes discussed in section 6 become magnetic black
holes. Such solutions [48] and their non-extremal generalization [49, 6] were previously
obtained in four-dimensional gauged supergravity.) Whether such resolutions also exist in
our general non-supersymmetric theory is far from clear, since charged rotating black holes
are notoriously difficult to construct in general dimensions and the soliton approach requires
additional axionic scalars [46].
There exists alternative extremal limit in which the function f acquires a double zero
for the largest root, namely f(r0) = 0 = f
′(r0), but with f ′′(r0) 6= 0. For this choice of
parameters, the near-horizon geometry is the AdS2 × SD−2. There is a further intriguing
limit when one of the charge parameter is set to zero, say δ2 = 0. The function f is now
given by
f = 1− µ
rD−3
+ g2r2HN11 . (34)
For N1 =
D−1
D−3 , if we let
µ = g2(µs21)
N1 , (35)
the 1/rD−3 pole of f at r = 0 cancels and f becomes a non-vanishing constant as r → 0.
The r = 0 is then a null horizon where the horizon and curvature singularity coincide. The
near-horizon geometry at r = 0 takes the same structure as the extremal solution (21) that
is asymptotic to the flat space-time. The near-horizon geometry becomes AdS2×SD−2 with
a hyper scaling. To be specific, the metric eφ/a1ds2 becomes AdS2 × SD−2 around r = 0.
The (N1,D) = (2, 5) and (3, 4) solutions can be embedded in five and four-dimensional
gauged supergravities. As we shall see in the end of this section, a simple scaling can turn
the SD−2 to RD−2 or HD−2. Thus AdS2 × RD−2 (or AdS2 × HD−2) with a hyperscaling
can also arise as the near-horizon geometry in our solutions. The five-dimensional solution
was studied in [51]. A general discussion on the infrared AdS2 ×R2 can be found in [52].
The entropy product formulae for the AdS charged black holes are more complicated.
Although r = 0 is no longer one of the inner horizon, there are larger number of roots
for f = 0. It was shown using many explicit examples in gauged supergravities that the
entropy product formulae in terms of quantized charges can still be true if one consider the
“entropies” for the horizons associated with all the roots of f [50]. In our general solutions,
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if Ni are rational numbers, then f = 0 can be turned into a polynomial equations of some
finite order, and hence there is a finite number of horizons. we expect that the entropy
product formula is
2(D−2)∏
i=1
Si ∼
[
(g−1Q1)N1(g−1Q2)N2
]D−3
. (36)
We are unable to give a full proof. The formula does reproduce all the correct answer
when our theory can indeed embedded in supergravities. It also reproduces the result for
the general RN-AdS black holes. Furthermore, we have checked many explicit examples
outside supergravities, and (36) always holds. Let us present an explicit example: D = 7
and N1 = 1 and hence N2 = 3/2. Defining ρ = r
4, we find that the equation f = 0 implies
the vanishing of a quintic polynomial:
ρ5 + (2q1 + 3q2 − g−4)ρ4 + (q21 + 6q1q2 + 3q22 + 2µg−4)ρ3
+(q2(3q
2
1 + 6q1q2 + q
2
2)− µ2g−4)ρ2 + q1q22(3q1 + 2q2)ρ+ q21q32 = 0 , (37)
where qi = µ sinh
2 δi. Thus, there are five roots for ρ and hence a total of 20 roots for the r
coordinate. Since the equation of (37) involves g4 whilst the function of f involves only g2,
only ten roots of r are related to the null surfaces. The entropy on each horizon associated
with ρi is given by
Si ∼ (ρi + q2)
1
2 (ρi + q2)
3
2 , i = 1, 2, · · · , 5 . (38)
It is then straightforward to verify that (36) is indeed valid.
Finally for static AdS black holes, one can also construct solutions whose level surfaces
are tori or hyperbolic spaces. The solutions with torus topology are particularly important
since the asymptotic AdS space-time is then in the Poincare´ patch, which is particularly
suitable for the discussion of the AdS/CFT correspondence. These topological black holes
can be easily obtained by some appropriate scaling. Let
r2 → ǫ−1 r2 , t→ ǫ 12 t , δi → ǫ 12 δi , dΩ2D−2 → ǫ dΩ2D−2,ǫ , (39)
together with some appropriate scaling of µ. It is easy to verify that the limit of ǫ = 0 is
smooth and that of ǫ = −1 is real. The function f for the resulting topological black holes
take the form
f = ǫ− µ
rD−3
+ g2r2HN11 H
N2
2 , (40)
where ǫ = 1, 0,−1. The rest of the solutions can be obtained easily and we shall not present
here to avoid repetitions.
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4 D = 4 dyonic black hole and the lift to D = 11
In four dimensions, for N1 = 2, we have a1 = −a2 = 1, the equations of motion of the
two-charge black hole associated with two different field strength are identical to those of
the dyonic black hole with both the electric and magnetic charges carried by the same field
strength. The Lagrangian is given by
e−1L4 = R− 12(∂φ)2 − 14eφF 2 + 2(2 + cosh φ)g2 . (41)
This Lagrangian can be consistently embedded in gauged N = 4 SO(4) gauged supergravity
[53], for which the explicit S7 reduction ansatz from D = 11 was obtained in [55]. Following
the previous discussion, the Lagrangian (41) admits the following dyonic solution1
ds2 = − f
H1H2
dt2 +H1H2
(dr2
f
+ r2dΩ22
)
,
A =
√
2
c1
s1
H−11 dt+
√
2µc2s2ω , φ = log
H1
H2
,
f = 1− µ
r
+ g2r2H21H
2
2 , Hi = 1 +
µs2i
r
, (42)
where ω is the 1-form with dω = Ω(2), the volume form of the unit 2-sphere metric dΩ
2
2. We
now study the higher-dimensional origin of this solution. Using the reduction ansatz [55],
we find that the eleven-dimensional solution is
ds211 = ∆
2
3
[
− (H1H2)−1fdt2 +H1H2(f−1dr2 + r2dΩ22) + 4g−2dξ2
+g−2
( c2H21
c2H22 + s
2
(
σ21 + σ
2
2 + (σ3 + c1s
−1
1 H
−1
1 dt+ µc2s2ω)
2
)
+
c2H22
c2H21 + s
2
dΩ23
)]
,
F = −g(H−21 H22c2 +H21H−22 s2 + 2)ǫ4 − 4g−1scH1H−12 ∗4d(H1/H2) ∧ dξ , (43)
where c = cos ξ and s = sin ξ and ǫ4 is the volume 4-form of the metric in (42). The
notation ∗4 denotes the four-dimensional Hodge dual and σi are the SU(2) left-invariant
1-forms, satisfying dσi =
1
2ǫijkσj∧σk. It is clear that the electric component associated with
H1 describes a rotation in the space-time. The magnetic component associated with H2
describes an S7 bundle over S2. Had we considered the four-dimensional solution carried by
1In the U(1)4 solution of four-dimensional ungauged supergravity, each individual field strength are either
electric or magnetic, but not both from the point of view of the string or M-theory. Nevertheless the solution
has been called dyonic because if one lifts the solutions to higher dimensions, the four ingredients cannot be
all electric or magnetic. The U(1)4 black hole in gauged supergravity however are all electric or magnetic.
In this paper,a solution is dyonic if and only if the same field strength carries both electric and magnetic
charges. Another known example is the Kaluza-Klein dyonic black hole. (See, e.g. [54].)
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two field strengths instead, the eleven-dimensional solution will drop the bundle structure
and add another rotation in the dΩ23 direction.
Let us now consider turning off the scalar potential by setting g = 0. The theory
can then be embedded in ungagued supergravity. The solution with the electric charge
can be uplifted to become self-dual string in D = 6, which itself can be lifted to becomes
the D1/D5 (or M2/M5) intersections, with equal D1 and D5 (or M2 and M5) charges.
The same is true with the pure magnetic black hole. Thus the dyonic solution describes
some non-supersymmetric intersection of two self-dual strings. This implies that the D1/D5
system with equal charges can intersect with another such D1/D5 on to a dyonic black hole.
The same story applies to the M2/M5 system. In the extremal limit, these intersections,
although non-supersymmetric, are also characterized by the harmonic superpositions. To
demonstrate this explicitly, let us follow the discussion in section 2, and take the extremal
limit of (42), we find
ds24 = (H1H2)
−1dt2 +H1H2dymdym , φ = log
H1
H2
,
F =
√
2 dH−11 ∧ dt+
√
2 (H1H2)
−1∗(dH2 ∧ dt) , (44)
where H1 and H2 are arbitrary harmonic functions in the Euclidean 3-space y
m. Assuming
that the four-dimensional field strength F2 in (41) arises from the reduction of the field
strengths in D = 11 or D = 10, rather than from the metric, we summarize one possibility
of the lifting in table 1.
t y1 y2 y3 x1 x2 z1 z2 z3 z4 z5
H1 x – – – – x – – – – x
x – – – – x x x x x –
H2 x – – – x – – – – – x
x – – – x – x x x x –
Table 1: The harmonic intersecting rules of the M2/M5-branes (or D1/D5 or self-dual string.) The H1 is
the harmonic function for one M2/M5 system with equal M2 and M5 changes and the H2 is for another.
Let us now explain in some detail the intersection rule in table 1. It should be empha-
sized that the electric black hole associated with the harmonic function H1 is not itself a
fundamental building block in string or M-theory, but it is a threshold bound state of two
more fundamental states with equal charges so that the intersection is described by only one
harmonic function. The same story applies to the magnetic solution associated with H2.
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This is the reason why each Hi in table 1 is associated with two p-branes. In the table, “x”
denotes the world-volume direction of a p-brane whilst the symbol “–” denotes the trans-
verse space. The coordinates (t, y1, y2, y3) describe the four-dimensional space-time of the
dyonic black hole. If we lift the solution to five-dimensions to include x1, the electric solu-
tion (associated with H1) remains a black hole whilst the magnetic solution (H2) becomes a
string. Lift the solution further to include x2, both electric and magnetic solutions become
self-dual strings, carried by the same self-dual 3-form field strength in six dimensions. If we
lift the solution further to type IIB theory with the internal 4-space (z1, z2, z3, z4), and let
the solution be supported by the R-R 3-form, the solution then describes the intersection
of two D1/D5-systems. Lifting the solution back to D = 11 giving rise to the intersection
of two M2/M5-branes. To conclude this discussion, let us present the explicit solution of
the (M2/M5)-(M2/M5) intersection
ds211 = −(H1H2)−1dt2 + (H1H2)dymdym +H1H−12 dx21 +H−11 H2dx22 + dzidzi ,
F4 =
√
2
[
dH−11 ∧ dt ∧ dx2 ∧ dz5 + 12ǫmnk∂mH1 dyn ∧ dyk ∧ dx1 ∧ dz5
+dH−12 ∧ dt ∧ dx1 ∧ dz5 + 12ǫmnk∂mH2 dyn ∧ dyk ∧ dx2 ∧ dz5
]
. (45)
Other intersections, such as D1/D5 with itself or intersecting self-dual strings and the non-
extremal versions, can all be derived straightforwardly, and we shall not present them here.
The 4-space (z1, z2, z3, z4) can be also the K3 manifold.
5 Magnetic AdSD−2 × Y2 vacua
We now consider the solutions with the vectors Ai carrying the magnetic charges. If we turn
off the scalar potential by setting g = 0, the Lagrangian (1) with (2) admits the two-charge
(D − 4)-branes:
ds2D = (H
N1
1 H
N2
2 )
− 1
D−2 (−fdt2 + dxidxi) + (HN11 HN22 )
D−3
D−2 (f−1dr2 + r2dΩ22) ,
Ai =
√
Nisici ω , φ = −12N1a1 logH1 − 12N2a2 logH2 ,
f = 1− µ
r
, Hi = 1 +
µs2i
r
. (46)
In the extremal limit, the solution interpolates between the AdSD−2× S2 in the horizon to
the asymptotic D-dimensional Minkowski spacetime. These solutions are magnetic duals
to the electrically-charged black holes.
When the scalar potential (25) is included, the magnetic (D − 4)-brane no longer takes
the analogous form except in D = 4. In four dimensions, the electric field strengths Fi can
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be dualized to carry magnetic charges, together with φ→ −φ. If we choose parameters such
that the function f has a double largest root, the solution has a decoupling limit of magnetic
AdS2 × Y2 where Y2 can be R2, S2 or hyperbolic 2-space. However, when the theory can
be embedded in (maximal) gauged supergravity in four dimensions, such a magnetically-
charged black hole cannot be supersymmetric [2], and hence neither the magnetic AdS2×Y2
vacua constructed this way.
In this section, we are interested in constructing vacuum solutions AdSD−2×Y2 in our
theory in general dimensions. Furthermore, we would like the solutions to be supersymmet-
ric when the theory can indeed be embedded in gauged supergravities. Let us first examine
the full bosonic equations. The ansatz is given by
ds2D = ds
2
AdS + ℓ
2 dΩ22,ǫ , Fi = qiℓ
2Ω(2) , (47)
where the metrics ds2AdS and dΩ
2
2,ǫ have the following Ricci curvature
Rµν = −D−1L2 gµν , Rij =
ǫ
ℓ2
gij , (48)
with ǫ = 1, 0,−1, respectively, and Ω(2) is the volume 2-form for dΩ22,ǫ. The dilaton is taken
to be constant. The equations of motion from the Lagrangian (1) with the potential (25)
and the constraint (2) can be reduced to
q21e
a1φ + q22e
a2φ = 2(D−1)
L2
+
2ǫ
ℓ2
,
a1q
2
1e
a1φ + a2q
2
2e
a2φ = 2dVdφ ,
V = − (D−1)(D−3)
L2
+
ǫ
ℓ2
. (49)
There are a total of five unknown variables (L, ℓ, q1, q2, φ) and three equations, thus solutions
exist in general. Of course, for the solution to be physical, these quantities all have to be
real.
When the theory can be embedded in supergravities, some of the vacuum solutions (49)
can be supersymmetric. A sure way to discover supersymmetric solutions is to examine the
supersymmetric transformation rules of the fermions. This is however theory dependent and
there is no general approach. An alternative but not always reliable way is to use the super
potential method [56, 57]. This method is particularly applicable in our case since we have
not yet established whether consistent Killing spinor equations exist in our general theory.
Following the procedure outlined in [56, 57], we first perform the dimensional reduction on
Y2 upon the Lagrangian (1) with the scalar potential (25) with the reduction ansatz
ds2D = e
2αϕds2D−2 + e
2βϕℓ2dΩ22,ǫ , Fi = qiℓ
2Ω(2) ,
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α = − 1√
(D−2)(D−4) , β = −
1
2(D − 4)α . (50)
The (D − 2)-Lagrangian is given by
e−1L = R− 12(∂φ)2 − 12(∂ϕ)2 − V˜ ,
V˜ = 12(q
2
1e
a1φ + q22e
a2φ)e2(D−3)αϕ − 2ǫℓ−2e(D−2)αϕ + e2αϕV . (51)
We would like to find a super potential W˜ such that
V˜ = (∂W˜∂φ )
2 + (∂W˜∂ϕ )
2 − D−32(D−4)W˜ 2 . (52)
The situation with ǫ = 0 is different from ǫ = ±1 and hence we shall discuss them separately.
Case 1: ǫ = 0
Let us first consider ǫ = 0, corresponding to Y2 being R2. Such solutions in gauged
supergravities were implicitly obtained in [56, 57], in that the scalar curvature of the Y2
was shown in [56, 57] to be proportional to the sum of all the charges q˜1+ q˜2+ · · · . For our
theory, we find that there exists a super potential
W˜ =
√
1
2N1 q1(e
1
2
a1φ − e 12a2φ)eα(D−3)ϕ + eαϕW , (53)
where W is given by (29), provided that the charges qi satisfy the following constraint
N1q
2
1 = N2q
2
2 . (54)
Thus the existence of such a super potential requires turning on both field strengths, in
which case, only the five and four dimensional solutions of our theory have the possibility
to become those of supergravities. In fact, supersymmetric AdS3 ×R2 vacua was obtained
using Killing spinor analysis in the U(1)3 gauged supergravity where the three charges
satisfy the condition q˜1 + q˜2 + q˜3 = 0 [58, 25]. If one sets two charges equal, the condition
becomes equivalent to ours. To see this, let q˜1 = q1 and q˜2 = q˜3 = q2/
√
2, we obtain
(54). Our procedure will not be able to produce the AdS5 × R2 solution in D = 7 gauge
supergravities since the embedding requires either N1 = 1 and F2 = 0 or N2 = 2 and
F2 = 0. The former corresponds to the single charge and the latter to two-equal charges,
whilst the AdS5 × R2 emerges with q˜1 + q˜2 = 0. The D = 7 solutions obtained in [56, 57]
using the super potential method were independently obtained using Killing spinor analysis.
(See, e.g. [59].)
The “supersymmetric” subset of the fix points satisfy
∂W˜
∂φ = 0 =
∂W˜
∂ϕ , (55)
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which are guaranteed to be also the fixed points of V˜ . We find the following two fix points
for a given set of parameters
e
2
a1N1
φ
=
(D − 3)((D − 2)a1N1 ± 2
√
2(D − 2))
a1(D − 2)((D − 3)N1 − 2) ≡ γ ,
e2βϕ =
(D − 3)√N1 q1(γ − 1)γ
(D−2)−N1(D−3)
D−2
g((D − 3)N1(γ − 1)− 2(D − 2)γ . (56)
We can read off the cosmological constant V˜ ; however, the expression is very complicated
for general cases. Let us consider some concrete examples. The N1 = 2 case is relatively
simpler. There is only one “supersymmetric” fixed point, given by
e
√
(D−2)/2φ = 2(D−3)D−4 , e
2βϕ = −q1√
2 g
( D−42(D−3) )
D−4
D−2 ,
V˜ = − (D−2)2(D−3)g2D−4 (
√
2g
−q1 )
2
D−4 . (57)
Lift the AdSD−2 vacuum back to D-dimensions, we obtain the AdSD−2 ×R2 solution
ds2D = L
2(dρ2 + e2ρdxµdxνηµν + dz
2
1 + dz
2
2) ,
F1 =
2
√
2(D−3)(D−4)
(D−2)2g dz1 ∧ dz2 , F2 =
2
√
2(D−1)(D−3)(D−4)
(D−2)2g dz1 ∧ dz2 ,
L = D−4g(D−2)(
2(D−3)
D−4 )
1/(D−2) , e
√
1
2
(D−2)φ
= 2(D−3)D−4 . (58)
Note that the parameter q1 drops out in the D-dimensional solution. This AdSD−2 × R2
vacuum (58) may be viewed as the near-horizon geometry of some extremal magnetic AdS
black (D−4)-brane. To study the stability of the solution (58), we can examine the masses
of the linear fluctuations of the scalar modes φ and ϕ around the AdSD−2 × T 2 vacua. We
find that the eigenvalues of the quadratic mass matrix are given by
m2± =
(D−3)2
(D−2)2
(
3D2 − 24D + 52± (D − 6)
√
(D − 2)(9D − 34)
)
. (59)
Thus there is no instability associated with a tachyon mode. This is of course ensured by
our super potential construction.
For N1 = 1, the results are more complicated. In D = 5, it is equivalent to N1 = 2 and
we shall not present here. We shall only present D = 6 and D = 7 examples:
D = 6 : e2
√
2/5 φ = 15(15 ± 6
√
5) , eϕ/
√
2 = ∓(75±
√
5)
1
4
q1
5g ,
V˜ = ±20
√
2
3(5∓
√
5) q1g
3 ,
D = 7 : e
√
5/3φ = 2± 2
√
2
3 , e
√
3/5ϕ = ∓ (
√
6±2)1/5
1081/5
q1g
−1 ,
V˜ = −g2(131 ∓ 16
√
6)1/3g2(∓gq−11 )2/3 . (60)
Owing to the increasing complexity we shall not present any explicit example further.
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Case II: ǫ = ±1
This was well studied in gauged supergravities [56, 57]. Let us first turn on only q1 by
setting q2 = 0. We find that the existence of the super potential requires that
q1 =
2ǫ
(D − 3)√N1 gℓ2
. (61)
The super potential is then given by
W˜ =
√
2 ǫ
(D−3)gℓ2 e
1
2
a1φ+(D−3)αϕ + eαϕW . (62)
The detail discussion for N1 = 1, 2 and D ≤ 7 was given in [56, 57] . In general, we have
e
2
a1N1
φ
= (D−3)N1(D−3)N1−2 , e
2βϕ =
−ǫ
(D − 3)g2ℓ2
(
(D−3)N1
(D−3)N1−2
) (D−3)N1−(D−2)
D−2
, (63)
Thus we must have ǫ = −1 in this case, and the Y2 has to be a hyperbolic 2-space. The
potential at the fixed point is
V˜ = −(D − 4)g2(D − 3)1+ (D−3)N1D−4 ((D − 3)N1 − 2)
2−(D−3)N1
D−4 (gℓ)
4
D−4 . (64)
The negativity of the potential implies that the D-dimensional space-time is the AdSD−2×
H2. The supersymmetric solution of N1 = 1 in seven-dimensional gauged supergravity was
obtained in [60]. (See also, [61, 62].)
Finally let us consider q1q2 6= 0. In this case, the condition for the existence of the super
potential is given by √
N1 q1 +
√
N2 q2 =
2ǫ
(D − 3)gℓ2 . (65)
The super potential is given by
W˜ = eαϕW + 1√
2
e(D−3)αϕ
(√
N1 q1e
1
2
a1φ +
√
N2 q2e
1
2
a2φ
)
. (66)
As in gauged supergravities [56, 57], we find that AdSD−2×S2 solutions, with ǫ = +1, can
also arise in general dimensions. To present the solutions, it is perhaps more convenient to
solve for q1/g and g
2ℓ2 in terms of constants (φ,ϕ), we find
q1g
−1 = 12 (d− 3)
√
N1e
2βϕ
(
(2−N1)e−a1φ −N2e− 12 (a1+a2)φ
)
,
(gℓ)−2 = 14e
2βϕ
(
N1(2−N1)(D − 3)2e−a1φ − 2N1N2(D − 3)2e− 12 (a1+a2)φ
+(D − 3)((D − 3)N1 − 2)N2e−a2φ
)
. (67)
Note that the reality condition of gℓ imposes a condition on the allowed range of the scalar
φ. General class of AdSD−2 × S2 solutions in gauged supergravities were giving in [56, 57].
The D = 7 example provides a smooth embedding of AdS5 in M-theory [56, 57].
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Finally, it is worth commenting that the first-order equations can also be easily derived
from the super potential, providing flows from the infrared AdSD−2×Y2 to the UV AdSD,
as was shown in [56, 57].
6 Conclusions
In this paper we have constructed a bosonic theory (1) with the scalar potential (25) and the
constraint (2). The theory is the simplest generalization of the phenomena that Einstein-
Maxwell gravities in four and five dimensions can be embedded in the U(1)3 and U(1)4
theories of (gauged) supergravities. The generalizations are two folds: one is that our
theory can be in general dimensions; the other is that the dilaton coupling constants ai can
take any real number subjecting to the constraint (2).
One reason that we believe such generalization should exist is the progress in under-
standing pseudo-supergravities where the solutions share many same properties of those in
true (on-shell) supergravities. In the case with no scalar potential, the extremal RN black
hole in any dimension emerges as the bound state in our theory of the basic building blocks
carrying F1 and F2 charges, with zero binding energy. The entropy product rule of the
non-extremal black holes is also suggestive of microscopic interpretation of the entropies in
terms of some two-dimensional conformal field theories, as in the case of the examples in
supergravities.
When the scalar potential is turned on, charged AdS black holes can be obtained in
the similar fashion as those in gauged supergravities. We analyse the global structure and
thermodynamics and obtain that the product of the entropies of all horizons is expressed in
terms of charges only. We can also construct the AdSD−2 × Y2 vacua, which may arise as
the near-horizon geometries of some (D− 4)-branes, the magnetic duals to the electrically-
charged AdS black holes. We concentrate on the “supersymmetric” vacua that arise as
the fixed points of some super potentials. They indeed recover the known supersymmetric
vacua derived from the Killing spinor equations when the theory can be embedded in super-
gravities. We also verified using some examples of the AdSD−2×R2 that tachyon instability
is absent in these vacua, a natural consequence of the super potential method. These prop-
erties are suggestive that our theory can be embedded in some pseudo-supergravities. The
fact that the scalar turns out to be massless in our theory is consistent with this conjec-
ture. Indeed, the pseudo-supergravity extension of our theory with only F1 and N1 = 1 was
already constructed without needing any additional bosonic field [19].
20
As a bonus, we also find a new type of intersections where the M2/M5-brane system with
equal charges can be harmonically superposed with another such M2/M5 to give rise to a
dyonic black hole. The same story applies to the D1/D5 system. Although the intersection
is non-supersymmetric, we nevertheless expect that this provides a new way of counting the
lower-dimensional black hole entropy.
Our construction is the simplest example beyond supergravities that admit analytical
charged AdS black holes, with the RN-AdS black hole in general dimensions as a special
solution. It suggests that there exist large classes of such theories with more dilatons and
vector fields. The explicit examples of the electrically-charged AdS black holes and the mag-
netic AdSD−2 × Y2 vacua we have obtained provide a wealth of gravitational backgrounds
to study the phenomenological aspects of the AdS/CFT correspondence.
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